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Let G be a finite group which acts on a set S. We present a method of com- 
puting the entire distribution of G-orbits of S (the number of k-element G- 
orbits of S for all k) in terms of the number of s ES fixed by every D E H for 
subgroups H of G, and the Miibius function p(., .) defined on the subgroup 
lattice of G. We deduce Burnside’s lemma as a consequence of our result. 
1. INTRODUCTION 
Burnside’s lemma is one of the tools most basic to the theory of 
enumeration. P6lya, in his celebrated work [lo], applied it to solve 
combinatorial problems in chemistry. A profound generalization of 
P6lya’s result was discovered by de Bruijn [2, 91. Slepian [12] utilized 
Burnside’s and P6lya’s results in attacking problems involving switching 
circuits. Applications of P6lya’s theorem, and hence Burnside’s lemma, 
include enumeration of graphs, trees, and Boolean functions. 
Given a group G which acts on a set S, this lemma (Burnside’s) provides 
a means of counting the total number of G-orbits of S (equivalence classes 
of S induced by G) in terms of Fc , the number of s E S left fixed by u for 
permutations CJ E G. Specifically, 
E = U/l G i> c E if iG/ <co, (1) 
PEG 
where E is the number of G-orbits of S. 
Burnsjde’s lemma offers no information on the number EI, of k-element 
G-orbits of S. In this paper we present a generalization of Burnside’s 
result which, for each integer k 3 1, does enable the computation of EI, . 
Much more general results can be found in [16], which extends [13]. 
A reinterpretation of the content of the lemma paves our way: 
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Observe that ifs ES is fixed by IJ E G then a”(s) = s for all integers n. 
Hence s is fixed by (a), the cyclic subgroup of G generated by CJ. Thus, 
Burnside’s lemma requires an information set consisting of the number of 
points of S fixed by the cyclic subgroups of G. One might imagine that by 
enlarging the information set to include FH for all subgroups H of G, 
the number E,, of G-orbits of S of size k for any k could then be determined. 
(FH is defined to be I(s E S: U(S) = s ‘da E H)], the number of s E S fixed 
by every (J E H.) We find in fact that to compute Ek one need know FH 
only for subgroups H of G such that [G : Hj < k. 
In essence, our primary result, Theorem 1, states that the number of 
k-element G-orbits of S is determined by the number of l-element H-orbits 
of S for subgroups H of G of index < k. Consequently, we anticipate some 
activity in the area of identifying sets S and types of group actions G on S 
for which FG can be computed. As part of this author’s dissertation [8], 
a method was found for calculating FG whenever G acts on a finite set T 
and therefore indirectly on the set S = r(T), the collection of partitions 
of T. 
2. OUR GENERALIZATION 
Prior to introducing our result, we feel obliged to define the Mobius 
function p of a partially ordered set. This generalization of the standard 
Mobius function is due to Weisner [15], P. Hall [6], and Rota [ll]. A 
proof of the existence and uniqueness of p for locally finite partially 
ordered sets may be found in M. Hall [5, p. 161. 
DEFINITION 1. Let (P, <) be a locally finite partially ordered set. The 
Miibius function p of P is an integer-valued function defined on the pairs 
of P and satisfying 
Aa, b) = 0 if a $ b, (2) 
&,a> = 1, (3) 
.z<:,, p(a, c) = 0 if a < b. (4) 
..-. 
Let S be a nonempty set and G a group which acts on S. The collection 
of subgroups of G of finite index forms a locally finite partially ordered 
set by set inclusion. (Given subgroups H, K of 6, we say that H < K iff 
H _C K.) Let p(., a) be the Mobius function defined on this subgroup lattice. 
Finally, let FK denote the number of s E S fixed by every 0 E K and EI, 
denote the number of k-element equivalence classes of S induced by G. 
Then 
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THEOREM 1. 
4, = ; c c Pm K) FK. (5) 
[H<G:[G:H]=k} (K$G} 
ProoJ Let s E S and let H, K be subgroups of G. Define 
6 -1 K,S - if O(S) = s V’o E K, 
=o otherwise. 
Define 
6 -1 H,K - if H=K, 
z 0 otherwise. 
Let G, = (U E G: o(s) = s}. G, is a subgroup of G. 
A decomposition followed by an interchange of summation and 
subsequent simplification gives 
{H<G:[G:H]=L) (K<G] 
c c p(H,K) c 8K,s 
(H<G:[G:H]=k} {H<K<G) sss 
=c c c AH, K) 8~s 
seS (H<G:[G:H]=L} {H&&G} 
SES (H$G:[G:H]=R} (X<K<GJ 
zzz 1 1 hf,G, (by (3) and (4)) 
SSS {H$G:[G:H]=k} 
= @ES: [G: G,] = k}l. 
Note that s is counted in the above iff s is in a G-orbit of S of size k. Hence 
kE, = i{s ES: [G : G,] = k)j 
= c 2 PL(H,KIFK 
{H$G:[G:H]=k} (K<G} 
Remark 1. The quantities p(H, K) depend only on the lattice structure 
of the subgroups of G and not on any particular representation of G. 
Remark 2. It may be of interest to observe that FH = i{s ES: 
H < G, < Gil. 
Remark 3. Theorem 1 can be generalized by assigning weights wu 
to subgroups H. 
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3. A DERIVATION OF BURNSIDE’S LEMMA 
Recovering Burnside’s lemma from Theorem 1 requires the use of 
[5, Theorem 2.2.1, p. 161. Our derivation requires us to apply Mobius 
inversion to an appropriate generalization 6 of the Euler +-function. 
We first state M. Hall’s Theorem 2.2.1: 
THEOREM 2. Let (P, <) be a locally finite partially ordered set having 
a least element. Given a real-valuedfunction f defined on P, let g be deter- 
mined from f by the rule 
.&> = c f(Y) for all x E P. (6) 
iK@ 
Then if ~(x, y) is the Miibitrs fLozction of P, we have 
f(x) = C g(y) P(Y, 4 for all x E p. 
{1J<~l 
(7) 
DEFINITION 2. Let G be a group. The Euler J-function defined on G 
is the function 6 satisfying, for any subset A of G, 
&A) = $(I A I) if A is a cyclic subgroup of G of finite index, 
=o otherwise, (8) 
where 4(k) is the usual Euler &function (#(k) is the number of integers 
1 < j < k such that j and k are relatively prime). 
We observe the following elementary but important fact. 
LEMMA I. For any finite subgroup K, 
iKl= C W). (9) 
{ff<Kl 
ProoJ: Every cyclic subgroup N has $(I H I) generators. Since distinct 
cyclic subgroups have disjoint collections of generators, we find that 
IKI 3 C &H). 
W&l 
Equality holds, since every 0 E K generates some cyclic subgroup of K. 
OOR~LLARY 1. Let G be a finite group. For any subgroup K, 
q&K> = c i HI AH, K>. (10) 
Iff$Kl 
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ProoJ Apply Theorem 2 to Lemma 1. 
Coupling Theorem 1 and Corollary 1 gives Burnside’s lemma, which 
we call Theorem 3 below. 
THEOREM 3. Let G be a finite group which acts on a non-empty set S. 
The number E of equivalence classes (called G-orbits) of S induced by G is 
given by the relation 
E = (l/l G I> c F,, UEG 
where F, = i(s ES: o(s) = s}l. 
Proof. We let E,, , FK , and p(-, .) be defined in the usual manner. 
= &..GFm (see Proof of Lemma 1). 
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